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Abstract 



We introduce a Lagrangian which can be varied to give both the equation of motion and world- 
hne deviations of spinning particles simultaneously. 

cr: 

! 1 Introduction 

The equation of geodesic deviation is a well-known equation of general relativity with important appli- 
cations, namely, it describes the relative motion of many particles. This equation could be derived by 
^ ' a variety of methods including the second covariant variation of the point particle Lagrangian. It could 
also be derived by first variation of a combined action that gives both the equation of motion and the 
deviation equation at once p]. The Lagrangian approach has several advantages, namely it allows the 
. deviation to be formulated for other dynamical systems with more general objects [2]. 

In a recent publication [3] the geodesic deviation equation was generalized to a deviation equation 
for the world-lines of spinning particles. This was basically achieved by considering a one-parameter 
' family of world-lines of spinning particles and demanding the invariance of the equations of motion, the 
. Mathisson-Papapetrou-Dixon equations [4j, on different values of the parameter. The same technique 
was applied in [5] to the Dixon-Souriau equations [6| to obtain the world-line deviations of charged 
spinning particles. 

p% ' In the present work we introduce a combined Lagrangian and show that both the equation of motion 

^ . and the deviation equation of spinning particles can be derived from this Lagrangian. In this Lagrangian 
approach the spin is represented by the gyration of an orthonormal tetrad attached to the particle world- 
lines. 

2 The action 

We begin with a matter Lagrangian of the form 

£-ny^L(e^,e^,u^) (1) 
where n is the particle number density, are the particles four-velocity satisfying 

u^u^ = -1, (2) 



VqC" are the covariant derivatives and 
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= u'^Va^el (3) 
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We adopt an orthonormal tetrad field given by 



Vab (4) 



The action 

S = j Cd^x = J nL{el,el,u^)^gd^x (5) 

describes the dynamics of a dust of particles with spin in a fixed background space-time. We need not 
to specify the explicit form of the Lagrangian here. Taking the relation ^ into account, we impose the 
following constraint on the Lagrangian 

The momentum four-vector and the spin tensor are defined by 

= ^-Lu'' (7) 
dUf^ 

^ ~ de^J'^ de^a ^' 

respectively. Translational equations of motion may be obtained by extremizing ing the action on 
variation of world-lines [H [8]. For a one-parameter family of tetrad fields e'^{x,X) and congruences 
x'^{t,X) wc hold the tetrad attached to world-lines fixed by parallel propagation. Under infinitesimal 
variation 

x^'{t,X)^x''{t,0) + Xn^'{t), (9) 

various quantities vary as follows 

5K) - 0, (10) 

S{dT) = -Xu°'Va,n^,u^'dT, (11) 

5{u^) = A/i>"V.n", (12) 

5{el) = X{R\o.0u"nPel + elu,uPVpn''), (13) 

5{n^/^d'^x) = -Xu^UaV ^n°'n^/^d'^x (14) 

in which /i^' = (5^ + u^u^ is a projection. The last equation above follows from the conservation of the 
number of particles in an infinitesimal flux tube. Equation (|13p may be derived as follows 



5{el) = 5{u^V,el) 

= A(u«V„n'^V^e° + u^'n'^W^W^el + u'V^n^u^u'^V^e^i) 

= A(-u«n^V,V^e^ H- u^n«V,V^e^) + Xelu^V pn^u^' + [div.) 

= XR^a^^u''n''e''p + Xe'^u'^V pn^u^" . 

With the aid of these relations we are able to calculate the variation of the action. The result is 

5S = xjn (^^W^y.n^ + \ {^-f-^ R^.^.W^n^^ ^gd^x (15) 
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in which use has been made of relation In terms of momentum and spin tensor, this may be 

rewritten as 

(16) 



6S = xJn (^Pf.h'' - ^S"''^R''^apu''n''^ 



or 



j^pM + ^S^^R'^.o^pu"^ y^d^x + {div.) (17) 

Inspired by this relation, and noting the relation n^—gd'^x — Ndr in which N is the conserved number 
of particles in an infinitesimal flux tube, we consider the following combined Lagrangian 

Sc = -Jn^ (^P" + ^S^'^R'^.o^fiu''^ dr. (18) 
This is consistent with the general form of the relative motion Lagrangian given in [S] . 

3 Equations of motion and deviation 

The translational equation of motion is obtained from ([18]) by variation with respect to n^. This result 
in 

= ~\r^uo.0u''S^^ (19) 

the MPD equation of motion for the momentum. A variation of world-line, of the form of ^ however, 
results in 

2_ (^PM + = (20) 

On the other hand, it can be shown that 

where — u"Vq, = n^Vo,. By inserting this into the previous equation and using the abbreviation 



j'^ — -^P^ we obtain 



Dt 



= R^^^.vJ'n^pP + n'^V, ( Ir^ ^o^aW S'' 



(22) 



which is the deviation equation, in agreement with the result of ref. [3]. It can be shown that the spin 
equation of motion 

St^'^ = pt^u" - P'^u" (23) 

follows from the fact that the energy-momentum tensor derived from the action ([5]) should be symmetric 
[8] . One may incorporate this into the above Lagrangian as a constraint to obtain the relevant deviation 
equation. 



4 Discussion 

We started with a Lagrangian whose specific form was not given. We then showed that its variation with 
respect to the particle world-lines lead to a new combined Lagrangian from which both the equation of 
motion and the deviation equation can be recovered simultaneously. This approach benefits from the 
usual advantages of Lagrangian formulations, say, it is more powerful for studying the symmetries of 
the system. It also allows the deviation equation to be obtained for more general dynamical systems. 
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The above combined Lagrangian is re-parametrization invariant. This allows to switch from the 
normalized four-velocity to a non-normalized one which is more convenient when we deal with spinning 
particles. 

Most of the above procedure could be easily generalized to the world-line deviations of a Weyssenhoff- 
type spinning fluid by starting with a more general Lagrangian which is not necessarily homogenous in 
particle number density, and to charged spinning particles. 

acknowledgements 

I would like to thank the Research Council of Payame Noor University for partial financial support. 

References 



[1] 

[2] 
[3] 
[4] 
[5] 
[6] 

[7] 
[8] 
[9] 



Bazanski, S.L., (1977), Ann. Inst. Henri Poincare, A27, 145. 
Roberts, M.D., (1999), Mod. Phys. Lett. A14, 1739. 
Mohseni, M. (2004), Phys. Lett. B587, 133. 
Dixon, W.G., (1970), Proc. R. Soc. A314, 499. 

Heydari-Fard, M., Mohseni, M., Sepangi, H.R. (2005) Phys. Lett. B626, 230. 

Souriau, J.M., (1974), Ann. Inst. Henri Poincare, A20, 315. 

Bailey, I., (1979), Annals Phys. 119, 76. 

Bailey, I, Israel, W., (1975), Commun. math. Phys. 42, 65. 

Roberts, M.D., |gr-qc70404094} 



4 



